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TECHNICAL REPORT R-115

METHOD FOR APPROXIMATING THE VACUUM MOTIONS OF SPINNING
SYMMETRICAL BODIES WITH NONCONSTANT SFIN RATES

By (_. WIL1JAM .-_L_RTZ

A method,/or approa_imatMg the raeuum motion,_.

oJ ._'pimdng rigid symn, etl%al bodiex ,mith varying

._'p'M r_tte,_, arm inertia,_ has beet_ completed. ;/'he

o,n,a@_is incl_ules t_e effeclx of time mr!/iT_ 9 thr'uxt

misalinemen, t,_, mass unbahu_ee, aml jet damping.

Re,_'ult,_' are giren it_ the.form o/equatiom_' for ._.paee-

referenced Ealer a_qles, flight-patt, al_glc,_,, bed!t-

referenced all:lade rates, am! earN_-referetwed
vehicle4rajeetor!! eoordinate._'. The mellmd co/,d,_'t._'

of (l;_,;<l;ll9 the prob&m bd, (Iderml,_' d!tl"M.q _M'ieh

the time-depemlent mriable,_" are a,s's_tmed em_,_tant
at their meatt ;ntel'ca! value. In order to cheek this

procedure, solutions .for z_arioax '[tder,,al x,ize,,, are

compared _vith xolution,_' obtaMed ,u,ith, _umerieal

methodu. Although the method ix somemhat length,!/

.[ol' accurate hand computation it, mo,_.t ea,_.ex, it i._"

readil!/ programed for machine solut_ot_,s., l'robablg

more imporlald, the 9eneral ,w)lulim_x 9;re ;_+xiqh!

itdo the separate effects _ff the cariablex amt, it_ many
eaxex, can be quickly u,_'ed to determit_e the a,ppro._.i-

lt_ale rangex of the cariables required.{<,' the dexired
,_'oltzli,n to a, gi,,en problem. It_ lh,i,_ re,v>ect, equa-

titres .[,,rdetermMit,9 ma/m'un_ wobble hare bee_

deri,'ed for certain input eo_ditiottu.

The method ha,_' been ,_.howt_ lo e,m_lmre eloxe/_/

_t'ith the nume_4eal sogulion,, o[ two ,_'a,mple problemx.

The xample problem,_ al,_'o illu,_'trated the relatively

large cffert q/p_leh and _aw jet dampi_9 at,, hod!/
motions.

INTRODUCTION

Vacuum motions of rota_ing bodies are becoming

more important with the fairly recent ability to

place objects in motion beyond the a(mosphere.

Machine eompul,er programs for calculating these

type motions have beeq_ complet,ed and used

successfully for SOllle time. liowever, not every-
one has a computer re,whine awtihtt)le for this

work. Also, those with machines are usin_z the
trial-and-error process in most, instant.as when

locating lhe proper ran_ze of vm'iabh,s with the
result that much machine lime couhl be saved if

some insight were avaibd)le as lo lhe individual
effects of lhe different w_riables on the motions.

This insight is bes[ provided by amdyiica] solu-

lions to the equations of molions. There have

been re,my papers pul)lished concer'ni,_ Ibis prob-

lem. (See, for example, refs. 1, 2, nml 3.) llow-

ever one (3dnx common to i.hese papers has t>een

t.he constan(; spin rate requiremenK Other re-

quirements sometimes include consl,mt, mass and

inert.ia paramet:ers or constant, moment, inpuis.
Solutions ,_re sotuetimes limit.ed t,o angular rates

referred to a body-axis system requiring lt'ans-
format.ion aml numerical integration 1o obtain

spaee-referenced attitude angles.

The present, paper presents an approximation

method for dt, terminin_ the vacuum motion of

spinning symmetrical rigid be<lies wilh changin¢

spin rates and inertias including the effects oi' time

varyin/ [}IFUS[ misalinement, mass ulil)ahmce, and

jet damping. Resui(s are presen(,ed in (he form

or equa(ions for spaee-referen('e(l Euler angles
and flight-path angles, and (,m'(h-)'e['erenee(l

vehicle-trajectory eoordi)m(es. An expression

for body-referenee(l 'tt(,ilude rates is included for

convenience. Tire method consists of dividing

the problem into intervals during which the time-

depemlent v'u'iables m'e assumed constant aL their
mean interval value. In order' to check (Jfis

procedure, solutions for various interwd sizes are

compared wi(h solutio))s obtained with numerical

methods. The method was developed under the
1
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limit.tions that t)ody pit('h and yaw attitudes are

restricted to "small angle" oscillations and that

body moments of inertia about the pitch and yaw

axes ace equal.
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SYMBOLS

arbitrary fitting constant

COml)lex input eoettieients defined in

equation (13)

fitting constants for moment inputs

('onstants defined by equations (18)

constants defined by equations (18)

constants defined by equations 118)

nt)tgnitu(le of total asymmetrical
force on vehicle

input coeilicients defined in e(luntion

(I:_)
tuean value of IO'(mV) within an

interval

constant of gravitnliomd acceleration

moments of inerii, about A'-, }'-,

and Z-axes, resl)e(:tively

products of inertia (hie iO unt)ulanee

jet d.mping eoellivitm(, K/[
,n(,nn wdue ofj over the inlerwd

I)iteh and yaw jet damping fa(qor,
i rid:

roll jet dnmping fa('lor

distance from body c(,nter of grav-

ity to motor nozzle exit measured

along X-axis

mass of body
.sym,netrieal moments nhou( AL,

1"-, m_d Z-uxes, respe('lively

nngular velo('ity al)oul .V-, 1"-, and

Z-axes, respect ively

mean wdue of p within an intervM

ve('tors defined in equations (t))
thrust

mean wdue of T/(mV) within the
interval

time from t)egitming o[' interval

velo('ity of t)ody along flight path

or(hogomd body-axis system (origin

nt body eenIer of gravily)

orlhogonal SlmCe-axis system (origin

.rbitrary)

z,.,y,,z,, z-, ?/-, and z-axis syst(.m rotated

about y-axis to make z,-axis ver-
ticml

a body .ngle of alta('k referred 1o

rolling body-axis system
a_ body uncle of _lllm'k refer're(] lo a,

nonrolling body-axis system

/3 body angle of sideslip referred to a
rolling body-axis system

/3._ body angle of sidesli 1) referred to a

nonrolling body-axis system

5=j+i@--_7)
7o angle between x-, y-, and z-axis

system and x_, y,., .ml z, sys(em

in xz-phtne

7 = 7o + i%

7o flighl-path angle in pitch plane

y_ flight-path angle in yaw phme

vehicle total yaw angle, O+i6, radiaus

nr, _z angle l)etween body 1)rineipal X-axis

_ind X (t)ody rel'erenee) axis

measured about }\ and Z-axes,

respectively (see figs. 3 and 4)

F

0 o= Jpdt

_, 0,¢

_t

at to

Sut)s('ril)ls:
o

./
Ilt(I,g

It

yaw, l)i((']), .).I roll orientation

angles of body X- )+-, and Z-)txes

with resl)e('t to x, 71, and z Slmee-

axis system (Euler angles)

angle l)etw(,(,n the total asymtnet)'ical

force vector Odways in (lie YZ-

!)lane) an(l the --Z (lire('tio)l (see

tig. 1 (b))

menn value of plx/l within /he
iv_tervul

value of (lUan(ity a(. b(,gi)ming of
intervM

vMue of quanti(y at end of interv.I

maximum value of (luan(ily

int(,g(q" 1, ') 3-y

A dot over al symbol in(li('att,s the Hrst (lerivative

with resI)eet 1o lime; a doubh, dot indicales lhe

second (lerivative will! rest)e('t to ti)ne.

ANALYSIS

The modified Euhwian (lynami(' (.(tualions gov-
erning the rol.ti()tml motions of a bo(ly +d)out, its



VACUUM MOTIONS OF SPINNING BODIES 3

prin(_ipal axes are (see rel's. 4 and 5):

Mx=Ixli--rq(Iv lz)4-K'p (1)

M,.--[,4-,p( &- t.,-)+Kq (_)

A[z_ Izi'--pq(Ix-- Iv)-_ tG. (:¢)

Figure 1 illusmttes the _xis system used.

-Ze -Z

x Mz

x e

Ye,. v

q_ My

(0)

(a) Pitch and yaw orientation of axes systems. 4,=-0,

(b)

/ 4;

: Y

/
,/

Z

2"

(b) Roll ori(mtati<m of axes systems. 0=¢_=0.

FW, uRE 1. -Axes systems employed in analysis.

_y

If the I)ody is assumed to lmve rolatiomfl mass

symmelry, Iz will |)e equal lo Ir and lhe rolling

molion will nol be att'e('ted by the pitching and

yawing molions. This allows ('(tmltions (2) amt

(3) lo be solved indel)endently of (1) for pre-

sehwted p hislovi(,s.

By mullil)lying eqmtlion (3) I)y / aml ad<ling

lhe res,ll to e(luatiol_ (2) wilh _t_(; rotati(>tml

symm(,try assmnl)lion , the e(ltmtion 1)ecomes

Mr+:3G=: I(0-_ ;i')+ip(l l,.)(q-_ ;r)

K(q+ h,) (4)

This e(tualion can t)(, referred from a rolling

t)ods'-axis system to a spa('e-axis system with the

t ransformalion eqmtlions (ref.6)

O=q cos6--r sin 0 _1

=((,os O) (q sin 4H-,' cos (_)

¢;=p+_ sin 0

O)

Now, for small values of 0 xvh(,n cos 0_--1 _md

sin O<<p (zero ret'eren('e for 0 can be ('bunged

when ne<'essary), equations (5) vesult; in

where
_=O+i(t, (q+ir)e'*

4,
=fo pdt +4_0

(0)

(-?onflfining equutions (4) and (6) yMds

;I ,plx (ll,.+illz ei(;'_t+*o)

whel'e

K ]--fi_l _
•i=i- Jr

(7)

Eqmtlion (7) t,hen governs the 1)itching nnd

ynwing motions of rot atiomdly syinmetric bodies
referred t.o a space-axis syslem. The general form

of solution for this ettmttion is

x=0+/_

[L'(-',,-i
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The l),'oblenl now is to tim! time fun('tions for

variables (j, P, @, Mv_i LllZ) whMl not onlythe

t)ermit equation (St to be ev,duated but which also
adequately approximate tit(, time histories of

these variables as they would exist in any practi-
cal problem.

SPECIFIC SOLUTIONS

Solution with variables constant.-The solution

equation (7) when j,p, I_.,
]][y M_

of
--i'' lllld _-- tire coil-

slants is

where

R_ Xo

X=O + i_

t+ ILc '_"R,+._,2e (:))

;plx "_ 1 1

I .'1 P"(I--Ix)_HPJ

(.%)

2----;i,1_7 . p2(I--Ix)--ilt,j _x_._ ((.}b)
1 --'! \ 1 ip/

(_l/v + L1L_)e i+"
Ra-- l?"(1 --ix) -- ; lpj ((.)c)

J
0

3

R2

J

ff,C3_ 1

J

_"-x

Z

FIG(:RE 2.--Tricyclic motion (after ref. 1).

This X solution can bc thought of as the sum of
three vectors: a nonrotating trim vector R,, a

p/.,.
vector R2 rotating at the rate _-, and a w_et.or

R3 rotating at the rate p. This type of motion is
referred to as "tricyclie" in reference 1 and illus-
trated in figure 2. The low-l'requency vector is
called the. precession vector, and the high-fre-
que,wy vector is ('ailed the nutntion vector. Note
that jet damping attomtates only the R2 vector.
Equation (9) may be mot(, familim' with j--I) and
with the real parts separated from the imaginary

parts as follows:

O=Oo-t-_xSin l']vt+--_-'_-(('ospI;l--l)-F2llY('°s<h°--'l[zsindP'_[l c(,spl1 Ix , p2(l--lx)
P ) 1' i

+ :;-')3Ix p: (I-/x) .-

_,= _,.--_ (cos p ]:;_- 1)nL@,x ], '" -,x)OoE_,,,+L_..
/' 1 PI

t_. )] (lOa)

I_t\-q.3[xeoseo,4_llrsinq),[l_cospt_k_lfx( L_.t )](sin/,) )J-t ('os (10b). p2 (I- I,:) . t' -/ -- 1

Exact solution with nonconstant spin rates.--Of the many attempts to satisfy equation (8) by
substitution of various time fmwtions for the variables, the one which permitted an exact solution
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with nonconstant spin rates used the substitutions

,o }j=0

_( onstant

(11)

The assumed straight line (tependetwe of 1/p is

quite pi'a('ti('al esp(;eially if the l)rHblem is divided

into time intervals. Although the eHnstmlt-inertia-

ratio re(tuircm(,nt can be (,ir(,umv(mted (by the

methHd Hf tit(; next section), the zero jet dtmH)ing

limitation is considered serious ex('ept, of (_ourse,
for the ease of nonthrusiing ve]firh,s.

Be('aus(_' a, more gent,rM solution (presented in

tim next section) wns found for equation (8) and

in Hrder to re(hwe eonfusiHn, the exact sHlution

referred to in the present section is l)resenled in

appendix A alon_ wilh all I'm'lhm' discussion of
this solution.

Mean value solution. -In (b(, lq)plietllion of ibis

sHlution, the l)l'ol)hmi is first divided into lime
intervals. The lttllllber tllld duration H[ these

intervals del)ends upon the ac'em'twy (t(,Sil'e(| and
will be discussed in lhe se('tion entith,d "Results

and l)is(.ussion." Wit]fin each of the time intm'-

vMs, the vm'iM)h,s p, plx/I, and j m'e approxi-

mated by their mean wdue over that inte,'val.

For example, (,onsider the (lalnI)ing term in the

£expon(,titials Hf (,quatiotl (8), ntmwly, .Ht.

This integral is at)prHximated 1)y it where ._ is the

mean value of j Hver the interval. By (Minition, this

is an exact approximation when the integration ex-

t(,iids Hver th(, ('Oml)let(_ iliterval (i.e.,._o' i.'lrlt =-_t:).

For times h,ss than one ('Hmt)lete interval, however,

the result is approximat(_. The aeeura('y el' this

approximation can 1)e increas(,d to any (h'sired

level 1)y using shHrter time intm'wfls. Thus, wilh
the substitutions

P=7_ }
p/_:=_ (12)

J=5

a straight fHrwar(I integration Hf the exponentials

Hf equation (8) can lie accomplished.

('on('erning the moment inpuls of equations

(7) and (8), My and 3Iz should be approximated

by functions which <'an adeqmm,ly describe the

variatiHns of known time-depen(h, nt moment
asymmetries su('h as lhrust asvmmetri(,s, tip-off

asymmetries, and dynami(_ unl)almme elt'e(:ts.

tl(,memb(wing im,rlia must also be. alh)wed to

vary with time, the following input t'm'ms 'ire
assumed for (.twh it_tt,rval:

_lfv+i,ll. k-- := [(F,, ,-iG,,)(I t.l,,t+H,,l-' l
I i1:1

--A+Bt+( 't-' t 1:9

When thrust or tip-off asymm(4ries at't, or)n-

sidereal, 31r and ,lfz are the twtual pitching- and

ynwi)ig-i))Hi)w))(, tls?)rilHl)ol|q('s _)ppli('d (o i,}m
v(,hi('h,.

When (ly.m.ic unbaltm('e (4r(,cis _u'e eotlsi(l(.red,

the luouwllts :I[:: lint[ ].l[z are rehlt(,d to the I)erti-

m,nt vm'inl)l(_s tls fHlh)ws (ref. 4):

M,. + :3&.--L,-_(:-:) +/.,-,-(b +,'¢)

+:lI.,.z(b-q,') + Ix,.(p:' ¢)1 (14a)

whi('h, for the l)resenl l)Url)os('s, r('du('('s to

;lira-;Mz--f(--l_,-z+ilxr) _f(l--lx)(n,-4_ inz)

( 14b)

sin('e tim l)rodu('is Hf in(,rti_l are relate(I lo angular

(h,viniions of the lirin(.il)al axes tls fHllows:

and

2/.,-z
tan

27)'-_1x-- I z

_]XI"

tilli 2"rlz= 1 Ut -
*y "x X

Now, if a (,Hnil)inalion of llsynunet,ries a,nd un-

ba|iinee exist dnl'ing the sii, lne inlerval, it niliv |)e

easier to fit, eal'.h tisvnlnletry or lln|itlhi, l/('o It) it,

separtH, e ('onll)lei input l('i'ili, For exanll)h' , tho

input I?---(7--1")(r/"-LZTlz) ,nayllll btlhlll('O bo

fitted to t,h(; terln (/:l@_'(]l)(l--.llt@Bfe). If flit;

input illoniellts h.qve, large or ral)id changes in

dh'e('lion durhlg tin interval how(wer, it is lnore

sa.tisfa(,tory to conil)hw (lie rolil eonil)onents of

tile vllriHliS inplits sep/irtilely front ilieh' iinagi)iary

(_OlllI)Ollellts. Tlien, lhe iot'tl ('onll)h,x input is
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fitted to a (;ombination of two or more input terms
as

(21lr+ iMz),<,,,,_--(F_ _ Oi)(14-.ljt + BLt')

T (0_-iG.,) (1 _-.l,2t 4- ll2t")

Now, when e(tualions (8), (12), mid (13) ill'(,

conlt)im,d, (,(lmllion (S) beeonlcs

;t H<_,, _,< ;*';" (_i-I-Bt+Ct'Oe;t_'G-;_'dt
,slj I,.. •

-t-X,� i°']'_t" dl--X,, (1,5)

_J./

By integration,

• , (i@_

h=[X,,-- _ I B '_('\-I <- ,;,(,"- J+7)J" _-'

-t-'""" *":'I-l" I B-4-2(/\ t 2(' ,

(i 61l)

liilI.V he lliOrl' relidilv evalulite(l in lhe following forlii:

Illl(1

F" ,¢,, 1 I1 2( _ _,_,: 7_f 1

e_7" 1 F.I_'2(' 17 IX,/ 2(

t, J71F . / 2(' 2i('\'-]"i

+ L'"<'+' + )J) """)
where

fl=j+i(_ ?o)

E(lmflions (16) t)redi('t the lq)proxinial(, rolational

IliOliOiiS (Sl)iice i'(q'('r(qi('(,d) of spinning syiii-

nietrieal bodies wilh ('hilnging spin rilles and

inertills hl('hlding the ('|t'(,(:ts of |iill(! varying

lhrllst iilistiiineliienls, 111118_tinba|ltn(.(,, liild jel.

(hl.lnl)ing. As in equation (9), llie X solution is
tri('y('li(' with a ilolirolliting lrilli ve('tor li, ve('lor

rotllling lit, tll(, rilto _, and II. vo('lor rotliting Ill

the ill(!lln spin rllto p, gv separlithig tlie, roal

tind hntiginarv ])lirls of (_(tuation (161)), thesolulion

o (-(',]+('._,_,)(,_ 7' ,.o_ _t- l)+((','5+(:>_)(e -7` ._in St)+(o,,_rL ¢ ,.o._ pt-(¢_,,-(',) ._in 7,t+('_
-_"+.i" -_"-_-j_

"=_ L 2+(7;-_)_J

p-"_,,(7;-_),+:2__,,q't.
-A_,,os (Tt+_.)l L]%(7;-_)'-' 7; jj (ITn)

(--('_j'+('.,_(e -7' sin _t) 'H- " -J
. . (_,_+C.2;)(e cos _t--l)+(0o_(:,) sin "_t+(dl,, ('_) cos _t4-('__= _g7_...... _+j-_

• ( , ..F2B,,(_--_t . 2B,,t-I...-i-_ [:t4 ,'os (77t+4>o)÷A_ sin tTit+4>o)]/-_ i+ - /+t,'i4 sin ('-fit-i--4J,,)
"=_ LJ' + (75- G)' P J

[ ,-'- '-'""7']], <_:l,)-A., (,os Ot+4>,,)i A,,t+B,, ]_+()5-_)_JJ

.h=-F,,(7,-_) + a.j

• z';,-J+(,',,(5--_)
Z_5_ _ ......

7712+ (75- _)'-'1
(lSb)

whoro

3

('_--O<,-t-Y], (--B_B_+ B_B:) (lSe)
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H=I

¢ ',_ =0.÷_, 55 ''/&-- -" -- -
,,=, s L , 7i?L7;(5 _:'

/'L " P 72i-'i 7_G _l-'j} :is,,)

in the pit_'h 1)lam_ diff. 3)is

,_ l'#o: I' si, .,- m.q <,o_(v ° i v,',)

( r )i I" cos _, cos _ pdt } 4. } 4J'
, 0

and in 1t., wlw phllw (tig. 41 is

(20a)

)2i _+?;(? _)_J

+7; L ta- ?"--7)./":_@7.d'? 7__o)__]) ll>;f)

Because body moiion,_ rel'errM lo a hodv-axis

system lll'e SOliiethiu's desired, eq(lillions (ltht)
lilUl ('6) lli'e e_llill)ilied ll:l ol)liihi [or l'e[erellee

(11"

q f /r (0 i @), -7,_,,, (l!ih)

lq,l(; H'I'- l' AI" II ATITrUIIE

I" 1) to lhis lloinl, all elt'orl has heen tllward

([(ql'l'll¿illill 7 (tie llllilll(Ip or lilt, I:.ld3. expressed

])v lhe ]_]lller niiT'h,._ 0 lilid l/,. ()1' _Ti,tiler hlll)or-

tllil(.t_ Io liillliV iliVeMiTllliOliS is lhe knowh,dge

o[ how lhe exleriui| t'orees ,ind lilOlilelil_ Oil the

body ll[l'ec¿ iis vehwiiy Vl'('lill' llill[ Sl)lll'l ' hw'ltio li.

'l'lie liulhol"s iulei'esl iu lin linliikliell,| solul, ion

t.o this I)hase of the gen/u'lil prol:l|elii WllS sliniuhlled

lly the iinlilylil'lil resulls o1' reference 3. The
liielho(| t)l' rl'l'el'ell('(_ :t will ¿lOW })e used to exlel/(li

the ltllilude sohiLion (if' ltl(, l)l'eSell¿ |)ill)el' to

OXpl'PSSi()llS defining the velocily ve('loi'.

Tile forco eqtii/tioIl ilOl'liili| tO the flight patii

[' )m l'#¢ - T ._in fl_ 7-b'_'os _,_sin (. , pIt-L4o,,-f 41

(201>)

BY l'eslrieling the reml|ts 1o anTuhu' t:'hllliges

in velocily Vtu'|Ol ' due Io t'xle¿'llll| (li_IIIi'])II, II('('S

ot.her lhiin griivilv, lhe weighl lerni o[ equlilion

(:2(tli.) can t)e dropped. Multil)lyin 7 eqlltilion

(201/) I>y /, mhlililZ _}i_; i'esull lo equation (_(tll),

lind eonshiei'illg o]liy sillli]l liilg'les yMds th_
I'olhiwin_:

7' T
(V,i ;'_¢3 t %t ;v¢) ml" -,,l'(Ot 7_)

(j" )
-J- 1,' i #<H_+,, _ _,

ml" _ " (21)

'W }II'I'P

0--,_, t To

I'H,>{ Iql t Glib/ ,_'

_\ /_#_8 _ _,/

-\ i

/

FIfIIIRI+; :i. Piich ]lllilit' fl)i'l'l's _lilll lill_lPs, _ T¢--(I.

' 7,,'++,o++'1
,3 t t T/"_ '_

t
)'

l"l(;t:ttl,; 4= Yaw-plane f(irces 'tnd ltlll2]i'S. 0- "F_:O.
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tlll(I

_-- -tL +v,_

Th(, form of solution for (,quati(m (21) is

dt + Xo)
(22)

Again, lh(, mean value substitutions within lh(, intervals are use(l, l,et

(23)

- _ ]¢'

Iit _"
(24)

Sul)slitutin,,g ('quntions (16), (23), ntl(1 (24) into (,qtmliotl (22)and i))togratin_ g'ivos

F. ,.'°"/) B+2_"\-I

+' (,"'- + + , ' +7- ,,,,

7't iT (,<'"'--,'-'")-I (1- 7,_ f e'+,,k.x" ;7;,_ .-1-

-_')]

2¢'./i l'X/.. 2(

E(luntio)l (25) l))'(,(li(,(s lh(, (lir(,('liott or tlw v(,-

h)('i(y vector for v(,hi(.h,s barium" the an,,.zuhu'
moliot(s (h,s(.ril)(,d l)y ('(luations (l(i). No((' th('

similarity of these two solulio))s (](,(is . (161)) and
(25)]). Both consist o1' at lix(,(I v(,(.tor, a vet.lot

t'otatin_' at the mean roll rat(,, anti a vector ro-
plx

latin,,..,' nt tlt(, )m,nH vnluo or- I "

Again, it shouhl I)(, r(,m(,ml)(,r(,(l (hat lh(,s(,

solutions are for small values of 0 anti thnt flight-

path ('urvature due to -'rnvi(y is (list'(,/ar(h,(l.

A)( al)l)roxin)al(, ('han/e iH fli<.z'ht-i)a( h nng'l(, (lu(' (o
gravity is

"Fit(, results ()I' t,(ittaliotls (16) and (25) ('an Ire

<'oml)in(,(l 1o yM(l tim(, histories of art/It, of alia(q,;

nml an,_,,'l(,ot' si(l(,sli 1) as follows:

e_, 0 3'0 L
f (26)

and I)(,<+aus(, or the r('lati()ushil)

_-! ;_-- (3,-t i-+),'- '+'

"'< : 3, sin (_t T0o) t o_,cos (TI-t 4,+,)I

j.3--3, ('os (_t-+- 4:,,,)+c,,:, si)t (pt-r-O,,)
(27)

Now, (.z'oinF on to the Sl)a<q,-l)osilion solulion, it

<'an It(, showtt from fi_.'ut'(, 1 that

" I" sin (v0-t-v,',) ]
!

J'_=l" (.(,s (_,++v,',) cos 7_" (2_)
/

.i],=l" ('os (v0-FT'o) sin V+ J

Th(, for c(, (,quntion alon/ tlt(, fliffh( path for small
(list url)nn(.(,s is

T cos _xcos 3-- n'qt sin (70T"(,,) ,'.)_I (29)

By <'onsi(h, rit)._ small an,.z,'les for a and 3 and r(,-

movin/ _rnvity efl'('('ts equation (29) l)('eomem

T __I;
(;_o)

_>'+I" V



VA(_UIlM M()TI()N,'4 ()F' SPINNIN(; B()DIES

hli('_'rali)iv (hi,_ (,qu_,tioli a,_d (.ombiiliii_' with

e(lualion (2;_) r('_ult,_ i),

1" | -/: Tt (31)

Now, (hi,_ veh)(,iiy exl)r('ssioli ('_,)i I)(, sul)slilul(,d

imo (,(lua(ioiis (2,",) with the a._suliil)(i()n ih.i 7o

a).] % are s)..ll _m_l(,_ a).] the (.(lua(io)i,_ ('a. l)e

(,xpand(,d. ,_i)w(. (,quaiio)is (2,_) and (:)1) w(w(,

()|)tifii)('(l by ))('(.z'h'('tili,.z,' lh(, for('(, of Zrilviiy, (h(,

term _./l is added Io the e(luatio)_ for z, to ,,.,,'el lh(,

(.lu'th-refer(,iw(,d velocity equations with _'raviiy
(,[l'e(,(: ill(.lu(h,d.

7.=- l'+,e 7'' (-).0(!o._ 7,',+sin 7,',)-P-,qt "]

J:,, = I',/-=_ t (cos %" -- Yo sin "l',',) ) (;12)
t), 1",f7<7¢ (('OS 7'o--70 sin 7,',)

]_](ltliltiolis (_'12) llro iillegrill)l(, lill([ yi(,hl l]lO

,_pii('(' iO('lilioli oqlllitiOiiS with 7rilviiy off'eels ili-

(']ude(]. Tho r(,sull is Vivell }lor(, ;is fllli('lioii_ of

v 0 lUl([ 7_ whi(.]l iire iiviliilll)i(, frolii (,(tlilllioli (7;5).

1".._in 7,', (era_l)Z_ - Ze. <,--
7"

I'<>(,o_ 7" f ToeF',t' +,1> !/,_

_I_1 ". ros 7o (e.7,,_ 1),1"_ --- d'_,. -- "

T . (:_:0

-- _',, Sill v;,j'vt_,<ll

71_=_,t,,o-l-I "o cos "),'o_i'T¢_Y_dt

--I ",, sill y[,J"yo'y¢¢_¥¢dl

RESULTS AND DISCUSSION

The resulls of this i)lll)er Ili'(, l)riliilu'ily the

attitude sohlliOliS expresso(l t)y e(lultlio[is (l(l),

the |]i_zht-l)iilh (]h'e(.lioil exl)/'es,_e(l |)y eqtllltioli

(25), lili(I lhe ,_l)ll('e-io('tltioii solulion of equlllion._

(:3:}). All these solutioiis ill'O (.oiup|i(.ll((,(I })y tho

]lu'vo liuiiil)er of vlu'ill|)ie,_ whi(.]l tlffo('t tho (,lid

rosull,_. Ill or(h,r io siiow _OlilO of lhe II1O1'(' iiii-

porlluit, ilitorrellllionshit),_ of lh(:so viiriili)h,s,

others intlsl 1)e hohl (.Oli,_liuil.

ATTI'I'UI) 1_ SOLUTION

Witli the litlilu(lo sohitioli of (!(tiililiOli_ (l(i),

the sel)iil'_d(_ ilioiioli effe(.i,s ()[' the iililia[ lltiiiu(h_

X, llil(I (h(, hlililll lllliiu(h, rllt(, _,, (._ill r(,ll(lily t)(,

(l(,inoli_li'llled [)v lillikili V ,I 17 (' () lui(] ]---0
will_ lhe result ilial

x x,,+){,,._(,,z,, l')

This SO]llliOil is showli ill liTur(, ,5(li) to I)e the Slliii

o[' il Ii×(,(l ve(.lor iiil(] ii rotlllin V ve(.lor. [,Tiilil

X,, ail(I X,, lir(' Sl)('('ifi('(l, how('v('i', ii i,_ liol l)o._,_il)h'

lo slly wii(,lll(,r li }livll('r or hiwer spin rllle of iliorlili

ril, lio will iil('l'ease or (](,(.l'Olls(, X ...... tile ('OllllllOll

1)orfoi'nllui(.( , sti!.ii(hu'd of ,_l)in slllt)ilizllih)li.

Now, if lhe nlo(l(,] is thru,_lili_' |)ul with IiO

(lislur|)llii('o iiiOliieill_, jot dluii])ilio_ liorlniliiy

lllteullitles tile inoiiou illid ih(' 1)lol or0 lt_.ililisl _b

ttll.il<_ iiito it |ovlirilhlni(. sl)irlll lls siiowii ill flT'ur(,

D(t)).

(a)

;-¢

_0# //

(b)

]?l(;lttl,] _.

(li) 'i 0 {lio j('l (tilntl)hIx).

(t)) j:.0 (wi(h j(,t dainl)in_).

:ttliilih! alliiu(h, :()lulh)ii wi/h i1() lnOllirllt,

iill)ll|_ (F,, { i(7 n --0).
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Moment asymmetries. For the eft'eels of I_m-

t_ev_t nsymmetl'ies the solution for X may In,

silllplilied tp,' assulnin..z vm residual llmtion (X,,
- ?,,, (I) aml roNsl.vil inlnlls (H (' (t). 'l't_en

for O. (), the solution becon,es

X= .llvlCMz_ IcFfi _ 1t/7;I ._c_'S.St I

LXlWeSS]()l_s for llllixilnlllll wot)t)h' can t)(, obtained

fl'OIII lhis P(lllliliolt Illl<]('r 't]l(' folhmin_' conditions"

_'h(,li _, 1"_, or, lllOre accurntely, when

[ ......++_2--11 < w,-_,,j .L-2
a," _ ,-7"

[hull

Ilv" _Mz-'
/_ r� -., _"

-., -7.+ 7:-1
_}__i./'+_ 70 7x;; 5:,jP

ai I, fo,' lmrnlnlly small j values (i.e., j/p<<l :<itn(I

.l<..,.,<<1).

) "_ ,j

k _2_Mv-÷Alz7

When _ _. or. iiiore t)redsely, when

7; 11-t-e <7,7,t,,,,-tCiz)l._ 2

then

,llr"+,llfs [ ./( 7+(.7-)
X ...... :-- (_"> E.7 '->3[j 2 i (t-; ; e] Lt ..1' / \-1'/

,,t _,) ":9 G

JP

lllid, for north,lily sinnll./ values,

2 _.llf t Mz"
X,,.,.,.-_/_(_ 1;)

.Xole thnt both X ...... expressions show thai ]llltX-

iliilllll w<)lil)le due Io ilsviinnelrielil inOlilenis is

i)i.oporliona] l(i lht' six<, of lh(, in()iuenl and, for

ll<)l'iillilly snnlll ./ vlihies, is eff(,('tively inversely

prot)orlionlil Io lhe l)roduei of lhe 111Olill roll hl-

ei'lia alld lhe Sqllni'l, of lhe Iliplili spin i'llle o,/(,r

lin, inlervli], ll I'ollows, ihol'efm'lL lhlil sphl-rllle

illil_llilU(ios in(;rensill_ with lilne fad well ns ]II1'7(!1'

spin rnles) will l'edu(_e wol)l)le ])(,elill_p of the re-

sullili 7 ]lii'ffer vllhie ()f iiipllll siiin l'lilp ovcw lit(,

inlervlll.

lmslly, for _z_, till expressi()n for ililtXilillllii

v¢()l)t)ie (!iiil t)e lihlnili(,([ llii(ll'i' lhe r('aSOlinl)]('

{_()n(lilions thai (_17)<<i and lhlil (_ ;')l is it

"slnltll tlllgle." This expression is

i ' ;'F F)/1"j/,;>(_-<' ! [< ;, _,.;__X (M,.=_

Tilts solution in(It<roles ttie (tivergent nlillil'O (if

X ...... for 1)zW ill sinlt.U _ values. The <livergen(_c

is lilore np])lll'Olil I'm" 7 () wiih the result.

/

Although the <tnalliily (_--_0) is never ex:i<qly

equal to zero in n, praclieal l)rol4ein, the lheo-

retical possibility of 1 Ix also results in lhe siln-

l)le diverTeiii!e e(lultti()n illS| given ('for n(irninHy

snilili villlies of 7). '['he._e div<u'Teli(e s(iltllittiis

revelil thiti wot)t)lo ])uihhi I) is 1)l'Ol)Ol'lionlll lo lhe

hil)Ul lilOlll011t (lislut'liltn(_os ll]i(i Io tho thne re-

(lliired for lilissiii<,7 lhroug;h llie resonnnl (_ondilion

(}3 _) lind inversely 1)roporl.ionli] 1o i)it(;h or )'nw

inol'tilt li.nd iilOllli spin l'lile.

Unbalance. li is <liflimllt t<) siiow c,leln'ly the

ett'e(:ls of ulil)nhtii(_l, Oil lho iil()lioli of ll_ body tili V-

illg it ]ion{;onstant. Sl)in rate becituse the input

lllOlll(!lllS (eq. (14t))) tire vliriltlihL 'l']nls, the

qlllllililies /7 iilld (' o1" ,1,, lill(I /J,_ inusl llike "oli

vllhl0s oilier tilttll z(.l'O wllieh lire(:lu<|es it, siinl)li-

ti('d versi()n of lhe _eiiei'iil solution, ltowover, I)y

¢onshlei'hl 7 fix<,d ]) lind #] viihl("s teinl)orlirily

(i(tuliliOliS (9) nli(l (141)) (!aii 1)(' e()nil)ilied (still re-

laining lhe (;Oliditions X_ :X_: t), _H_ (' _(), and

O,-l)) wilh ttie rosull,

., +;+-
+p(lJ/]x)-l L i]'l/- i
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Wt.;n -/< 1, X.......

r/r 2 _- r//2

.lIJ, I'.r nor.l.lly sl..ll v.lues _,1'./

/,

_,VheH "/ .1

X ...... '2

V,+D,,i,,q
lind, for uornt.lly snillll vldues of./,

X......-_2__, _+_z_

These results _il'e ror (.OliSiillil vlihies of ]J tllili ]'':
I

with lie residulil liiolioiis, iNole thlil wold)h, due

10 llii[)_i|liliCe is illdei)elilienl of sphl rlile exvt,[ll

ihrougli tile jet diilnphi 7 lerhis wliich norlnll]l 3-

]|live only Ii vei'.v sinll]l eft'eel. Thlis_ woldlle due

Io lili]llilliiim, ulinnol |)e volili'o]le(l 1).v si)hiiliil_ ;IS

t.liii, for exiililp|O, the wobl)le resullhig' [l'Olli hiililil

_tiilude rliles ov lhl'usl liiislliinellielit.

APPI, I('ATION

'Fho iilllilvli(_lil expl'essioils ror X nll(I 7 7 iVell ill

llie preseiil p:il)er hilve been prog'rliiiied rot Hse

with Jill IILN[ 7090 e|evll'Olliu ill|ill |)l'O('esshi 7

liillchille. _iiiiiph, l)l'obloliiS wel'o i.Olii[)o_ed niid

ibis pi'OTl';iiii used lo _'eiiet'nle their soluiioiis.

The lilllllt, ricll| so|iltiOliS to lhese pi'ol)leiiis wei'e

nlso ol)illined willi the nuinerh'ii[ ilileTi'lllitni

nlethod reporled hi I'eference 3 for the purpose of

COll_piil'iSoii wit h li pproxhlial e sohil ions.

hi sliould be nlenlioned lhlil llie vlilues for _,

_, 7-r, luid 73 used hi the lipproxhnllle soillliOliS

_vel'e t,ised Oil _lssuilled expolielitili| tiistorh,s of
/

lhe vllrillbh's withhi the hltervlil (i.e., for
OXHlllpit',

t

\
7_ P! P"_- ,_]ihougll this ;iSSlilili)lioli or expotlell-

Io<.",tssJ
' P<,I

tilt (h'ln'ndelice of ilu, vllrilll)h,s is illherenlly iuore

ul'('llrlilo, ilhiiosl ideilli('lil resuils (iiol, showll)

were ot)luiiied wilh tile lil)l)i'oxhiutle ntethod tly

ilSSillllill 7 lilie_ir histories of lhe vlirillllles wilhiti

elivi, iiiierviii(i.e.,_ PiT, P,,),

The tlrsl _pplic;llioil w;is to simuhile llie lilolioils

of il rocket model which w.s the blsl st llge of it

iilliliisl,Te t'o(qcet systein. The niode] clui lit,

thoughl of its it ev|inder Id)out. l !_ feet. in dhuneter

luid 35 / feet iii lenglh hlivin_ li ratio of fuel weiglit.

to lotld weil,'iit of 1/2. All Imguhtr t hnlst ltsylii.

Inetr v of 0.001 rltdilui hi both the pitch and yllw

pllilies provided _l colilinuous dislurbtmee to the

iliOliOii. A sei)ill'_ite spin liiolor "wlls ilSStlliied to

illei'eliSe lilO({O| Spilt rtif.e thirhl 7 the proll|eni frolll

.'_ tO ,Q rildiilllS per se('olld. Tile liliproxhnlile

solution was conlpuled with lwo hilervills lind

wilh leli ililervlils, eili'h with lliid wiliioul |el

dliinphi_'. [Iroh|eni ('onsllilils lind hlitilll t'ondi-

liolis _ll'e li_ioJ ill llpl)endix B. l{esiills tire showti

hi fi_lll'OS 6 to ,_.

|¢ib_,tll'e 6(It) StIOWS lhe :ippl'oxhliillo £7 Ill|([

hislorh's oblilined with lhe iwo-iiiiervlil sohiiioii

(lie |el d:iliii)hl_) lllill lheir coiiiplll'iSOll wilh the

liuiiierivn] solulion, ill 7enl, rn], this eoniplirison

iii_lh.lite._ il _ood npproxhnalion of the liuinerh'lil

sohltioil ext'epi for the fii'sL liegillive peliks Of

each ('urve where the ltpproxilnlite SOhlt.ion tlli(lel'-

eslhnllles tile iUq/lliI vlihles. The llhllse differen('e

between the ;ippi'oxhnnte lllid litniie]'h'lll sohitions

is to lit, expel'ted luid is usulilly of little iliiporlluwe.

|11 fills resl)evt , bolh elltis Of :ill illlervtils tire

exli(.lly hi I)lilise, lhe tzrelttesl differeliue oveuri'hi_

hlllfwlly lhrou_h eliuliiiitervlt|. '/'lie t wo-ililervlil

sohllioli ror [liThl-plith dire(.lion is shown hi figui'e

tl(n) li|Oli_ with the nuliiel'iCa] solution, llei'e,

ihe uOliiplirison lippelu's not qliile so good as tile

liltitude sohlllon, |)IIL slllisl'lielorv Ior till)st.

i)til'iio._es.

]11 ol'dl, l' l.(t ilhlsll'lite liie _l(t(q_ll'ilttV o})lilined

_vlili lll_illX" hilervu|s, the ien-hllerv_ll sohllion of

filzui'e 6(}1) wlis voinputed. X*ote the hnprove-

liielil iii ttie X alid "y solutions lis (.oiiiplirod wiili

lhe Iwo-hllervlil results.
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Thus fill', t)vobh, Nt <'lls<,s lmv<, boon I't'Sll'it'lotl 1o

zol'. jot tl_llUl)illg l)<'.llust, ill. l)t'.grlult tj+t+(l to
I)l)lililt tiu' liUtliOi'ivlil s<)hltioli+ th)t,+ li()l itll.lu(lt,

jt'l-<ltiliil)iil 7' i,ll't,,,l+, ltoxvov(q', jol-<lliiiil)iil 7 oil

I'(,<,i+ ('till lit, (tuilo hli.7o il+ ilhl+li'iilt,d ill [17ill't, 7.

'l'lii>+ fi+Ul't' I)i't'+t'llt+ lht' lt'il-iliiOi'Vii] +oluiioli with

lili(t wilhtilll jot (lliliit;,ili_'. Ntlte tht' ]iil'7'o illtoliu-

tititili t'lll'_'t t)l' .iot (lillilF'ilil..t" Oil llie l<lXV-l'l'('lltlOilt'V

(l)l'O('t's+ioii) iillido +illtl lilt' lit'ill' ii])+t'll<'t ' ()t + lllis

t'lt't'('l tilt lilt' liisii-l'l'(+qUtm('3 + ili()(Io. Ttiis hil'?_t,

diliiil)iii 7' _,ft'_,(.l i.,.+ 11oi linii+tlttl iilid (+ltll ovt, tt ht,

elilh,<l lyllivlil. It+ i)l'O+Oli(,t, Js fttl'ltllltll(, lint,t,

tit) _lltit,i' ft/l't't,._ lll't' illitUl'ltllV ii'+'llihihh, Io (Itliii t)

llio IIIt)t {o11.

It i+ woll dOl'lliiit'iilt'(I ttitil I)tlilit,.,-+ hiiviil_. ]iv

It /z ('tlllll(tt t)(' <'.+pill stiillilized, llowev+.,i', the

iliolitill._ ill + +ixi+vliiliioli'i(. I)o<1i<'_ l:,ti+_+ili7 + Illl'Otlsh

tilt+ <'Ollttition al'(' liol wt,ll I,;.lltiwii. For ttii+

I't,liSlill, lilt, ._t't'()li(I Ix'lit, of [)l'olll/,lii I'o1' +illlllliit]Oll

_,'+'iis +t'h'<'l i'(t t(I I'O+.t, lil l tit, (,fl't,t,t _ of 1)il+.'.+in_ ' I lii'ttusii

hloi'liill I't'SOlittli('(, .I :1 • This lil'oI)lelll lis-

._lllil(,ll +i Vlil'ilil)h, lx, ii t'Oll+Itiiil /, llll_[ iiO i'Oll

iliF, ut+. ()til 3 ihe X +olutioli \vlis ('OlliliUte(I for

I)tll'l)li+t,+_ til' Silill)li(.il,v. 'Hie 1)l'Ol)]t, iii 'a.a+ t'Olii-

F,ulo(I with <)lit, ittlol'viil, t,wo hiloi'vitls, tllitl lhi'eo

ililol'_,tll+, ili till ('itse,'_ "+villi ilO jel (tliliili, ill 7, The

lit'(',t++_,tl+l'v <'Oll+ltllil_ tilitl itiiii+il ,'oiidiiioliS Ill't,

I)i't'+t'litod ill lllipelldix t/. I{t'_lllt+ Ill't! lil't,_t,llte<l

ill fiSili'+., ,_, whit'h Ill+If stiox+,-+ i ti+.! iitliilt'l'i('lll st)hit iOli

fol' (+otlil)iii'i+Oli ])Ui'l)O+t,+. l¢iS'til'O _ illii+ll'itlo+ lho

(/iit'-ililt'l",iil +ohlliOli ol this ])l'ol)h, iii to bo iillt(Io-

tiuiiio. 'rht, iwo-iill+<'i'viil +ohiti()li i+_ Iliu('h ilil-

I:,l'(:,'+,+t'd ali<l i't,vl,+ll.,.+ lilt, li't'litls t)l' Ille iitllllOi'il'til

+ohiliOli. ll<+xxt,,,'t,i ', for till lit'viii'lilt' lliiil)tiltl<l<,

('Ollll)lil'iSOll, lilt' t h t't't+'-ili l t+.i'vii | _olliliOli i_

ilitlit'litt+tl.

Intervals. _oltiiiotis ]tliVO lit'i'll ])i't'ViOliS].V Iil'-

sl'l'il)o<l tl+ tlliO hllt'l'Vlll, ixvt)hilt'i'val, lilid +It foi'ltl,

with till oxI)liliitilioli of Wily ov iiow the litllitbei' of

ililt'l'VlllS wits +t'ie<!it'(I. :+ts F,l'i"_'itiusi.v iilOliliOllOt],

il Ixvt)-ililol'Viil +tihilhili (for oXiiliil)h, ) llll+tlll+ llilii

lh<, i)i'olllOlil is t'tillll)llle(I ill Iwo illtOl'Vil]._, il_,iililiv

S() ,tl+ 1 (/ l't'...;tllt ill lib(till t lit, +illllO l)t,l+<'tqilil<_'t , ('litilig'es

of till+ Viil'ilibh,s +,vithhi t'iit'it hitt,i'viil. "['tieli,

('hl+t,tl sohitioils J'ov lilt, fh'st ilit(q'vtll ill'l! oblliiliti<l

wiiit o(ltlill{<iil_, (ltl) liil(t (,75) tihtll_' wiitt the illiiiiil

I'OlidiliOli,,.+ (If lht' pi't)llh, lii. lit tll'tloi' tit ('()liil)tlle

/lit' ._tllutillll+ ill tilIV liiliv (if lllo +t,t'Olill ilitt'i'vli[,

liowt,vol', t tio fllilil vliltit'+ of hllt'i'vii] <)tic! ilili:t 1)o

<'tilouililo(I i/till u+t'<l ii._ hiililil v(tiiililitlllS I'ol' ill<'

+l','lill(l ilil+.'i'vtil.

ll'x'hih' lilt' litlliilit'l' of VOllil)tlliililili+ ill('l'l'ti:t':.4

wilh lilt, IIIllllb(,l" t)f + ililt'i"¢iil+ liSt+d, l lie tt('t'lll'tl('V llr

ilio i'o:tlh+ iil(,i'oli:..;t,+ lilt,l.t,I)3+. Tilt, Ol+llliiiulli

litlliii)t,l+ of ilill,l'vlils, th('li_ th,l)t,ll(I._ tll;,Oli lilt'

<'Oliliiulili _ filt'iJiiio+ ilvliilliblo, tht' dt'gi'et' of

li<'('tll'ti(' 3. de.'+il't'd, lill(I the loliil I)t'l't't'iitiist ' (,hilllt._t,

of Vitl'ilildt,++ thi'ol+ishotlt tlw i;,l't)tdt,lll. Ill tills

i't,SF, ol,l , tllo iiulhol' lili_ It'lltiil[volv ,_eiih'<t till

/x
ushi 7 illl('l'Vill+ ill whivh lilt' viililoS ot + ]J of p[

tit) litll viii'.'," liloi'o lhtili tlt;,<llll 15 llOl'('('ill I'(il'

"ii('t'tll'ttlt'" l't'stlllm tit' lit(if(' thilii lit)otit 30 lit'l't't'lil

I't)i' ttl)i)l'OXilillll(, i'e+ult._. Tllt'.<-+t' ])Oi'('olillist,+ til'O

Im+t'(I (ill it Iilllilod tllilOIIIli of t';',;1)t'i'hql('t '. ])oi'-

I'eiltll_,+t's foi' lho +tiliil)h+ t;ll'oblOili+ tll'(' 7i_,'t'li hi

tliilit, lid ix I+_.

Oomputing time, ('Oliitiuliii _' iiilie.,.+ for ,_llilll)lO

i)l'otd,<.,til ]ltllilbor {)lip of Itpl)elldiX ]l Wove obliliil('(I

l'or both tho iil)l)l'OXilillilt, ltli(1 tho lilllii+.'l'i('li] o1'

,_lo])-I)N-+lt'l) +_olulioli+. 'l'ht'+t' sohllioli+ w('i'(' <..A"oil-

t,l'lilt'tt 1>.%'tilt IBM 7()!)0 (!lOt_il'Olli+' {liitlt ])l'O('OS_ill 7"

Illli('hitl(, tlli(I l't'(ttlil't'd ('o1'1 liili ('Oliil)ll+l Jl)ilil y'

<,hltii ,'(,_ Silit,t, both l)l'O_i'tilii_ wt,l.t, oi'i_hilillv _t,I

ilti foi, lho IBM 71}4 olo(,ll.oliie dliili 1)i'O<'(',_Sill<,..Z''

itili('tiilit'.

l+,olti l)l'071'lllii_ i'i'(lilil'('(I ItltOill 2ti _('('Oltd_ i't'lill-

iii Ihiit'. ]gxt.hidili 7 i'otid-ili liliit,, lht, al;ll)i.tlXilillilt,

liiolhod (l()-iiilt, i.vltl _ohilioii) had il l'illio of illit-

<,hille lhiie io |)l'O|)loiii lhiio of ltboiil ().9;I Itiid lho

iitiiiiel'itqil iiltqhotl _i i'illio o[' libolii 4._. ]{t,du<,ili 7

iho iillliiboi, of iliit,l'Vlil_ ll_t'd ill lho lil)l)i'OXiliililo

sohitioii '+Volihl tlt'('l't'list' its i'liti(I Olil 3" tl _llilill

tilllOtllit..

()lhol' i'ii('lOl'S iltV(livod i_l a +'Olnl)uiiii 7 liliit'

eOlill)lii'i_Oli lil'O Its ft)liow_: Fil'_t, tho lllililOi'i('lil

lilolh(t(t is l)i'O_'i'li.iiit_tl to .vMd olitl)ul (liill+lililie.,.+

liol hi('hldod hi lhe olitt)lll, of lho lipl)i'OXiliililo

illolhod. It i_ t'_liliitil(_d lhltl iho t'lhliitllitiOlt ot +

this l)iil'l of lho l)i'(t_'i'_ilii wouhl lilliOtilil I0 libOIll

!!7 i't_dli('tioli ill eOliil)Ulilig tiiliO t'()i' the nuiiiel'iVitl

iilothod. _t't'<itl<l, the lil)ovt.! l'lllbo._ lil'O f'or do[hiiil_'

l/lo OUtl)UL ovt,t'3:0.1 _ocoIid itil(I I'ouhl bo l'edu<'ed

pt'Ol)Ol'lioilltlly l'Ov i,ho apl)l'Oxhlillle iiiol/iod 1ix,"

tl_Jiig fewof otllt)til, tiiiio_. Tho iiuiiiol'it,ltl iiiotiiod

wouhl iiol bt, iiolit, ill this l'e_pocl.
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FI(;VRE 7. Effects of jet damping in first sample problem. Tcn-ilRerv'd solutiolls.
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8 }8 20

(a) Onc-iutcrva! approxbnatiotL

F£Gt-Rm 8.--Comparison of approxim'tte and numerical solutions of second sample problem showing mot.iott,_ of a body

passh, g t|xroug', im.rt iai resont, nce (-l_v: 1 )'at l = l O. _':0.
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CONCLUDING REMARKS

A method for approximating the vacuum mo-

tions of symmetrical rigid bodies with non<,onshmt

spin rates and inertias has been develol)ed. T}le

analysis inchades t he effects of time varying thrust

misalinements, mass unbahmce, and jet (lamping.

The method was derived for bodies having equal

moments of inertia about their 1)itch and yaw axes

and is based on body pitch and yaw at.titudes being
limited to "small angle" oscillations.

Results huve t)een presented in the form of equa-

t ious for space-referenced ]';uler angles, tlighi-l>at h

angles, and earth-referenced vehMe-trajectory

coordimttes. ]+;qtmtions for detcrminin V maxi-

mum wobbh, have been develol)ed for certain input

comlitions. Also, equalions for body-referenced

attitude rates, nngle of tttta('k, and angle of sideslip
are inch,led ['or cot_veuience.

The general solutions give insig'hl in[o the imli-

vidual effects of the variables and, in immy cases,

offer a quick means for oblainin/ approximate

solutions. Although lhe method is somewhat

lengthy for accurate hand computation i_t most

c.ases, it is readily t)rogramed f'ov automobile ('ore-
put er solutions.

The method has been shown to compare closely

with mmwvical solutions of two s,mlple problems.

The sample problems also illustrated the relatively

hu'ge effect of pitch and yaw jet damping on body
motions.

LAN(ILEY ]{+E,'qEARCII CENTER,

NATIC, NAI. AERONAUTI(!S AND _I'A(,E ADMINISTI'tATION,

],ANflLEY STATION, ]IAMPTON, VA., April 2._, 196l.

APPENDIX A

EXACT SOLUTION WITH NONCONSTANT SPIN RATES

('oral)thing equations (S), (11), and (13) results
in the solution

{ :C)X=Xo+e _0,, A'(I 4-at)e' " 1,,_,<t+ot>

--. 1' --- H'-- ("-- l)' @ [1]' (l @at) 2

• Po )

t -- log_ (l+at)
+ C' (l +at)S + D' ( l +<tt )_]e a

where

Ap .__ _oe -iO°

A B ('
dH a._

H 2(' ('

(/2 (/a 0a

A B.F('
(t 0 .2 6[ :_

El + ': (7) (1--7)-I (2a + iPo)

Cll

B 2C

02 a :¢

])f=

7)E3+ l (]_) (1--'x "] (4a+ ip.)

This result displays the spiral mmwe of the

0, ¢, motion for nonconstant spin rates. Spin rates

decreasing with thne result, in spiral motions of

increasing magnitude and spin rates increasing
with time act to reduce the magnitude of the

0, _kmotion.
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APPENDIX B

SAMPLE PROBLEM INFORMATION

PROBLEM 1

Prot)lcni length s(,c .................. 20

, 51 5
Mass, slugs .................... 20 -- i-i-+ _ -_)0t-

Thrust, lb ......................... 5, 000 -50t

Pitch .rod ya.w inertia, slug-ft 2 ......... '25. 6 O. 53l

Roll inerti_t, s|ug-ft ................... 3. !)3 0. 0965g

Roll input moment, ft-lb ..................... O. 57'2

l'itcb input moment, ft-lb_ 0. 001 (5, 000 -- 50t) (2 -7- 0. {)25l)

Yaw input niom(qit ft-lb__ 0. 001 (5, 000 --500 (2-_-0. 025/)

Thrus{ arm, ft ............................ 2+0.025t

hdtial tlight-1)ath x'eloci{y, fi./sec ........ 5, 000

hiitial roll angle, radiaus .............. 0

Initial pitch angle, r'tdians .............. O. 05

11dtitd yaw al_gh', ra(lians .................. 0. 04

I,fitiM roll rate, radians/see ............... 5

Initial pitch rate, radians/sec ............. 0. 015

hliti,'fl yaw rate, radians/see ................. 0. 02

Initial flight-path angle in vertical phme, radhms 0. 02

hiitial flight-pidh angle in horizontal plalw, radians 0. 01

Two-interval sohition :

Intervals ................... () <-:l::_ 12, 12 </'5 20

Maximum change of p within the interval,

pereenl ...................... 41

Maximum change of p 1;- wilhin the in{['rvtd,

pereen{ _ 33

Ten-int, erval sohll.[()ll :

In{ervals .............. 2-si'e inlel'vttls stlcce,',sively
from 0 to 20 s('('

Maximum change of p within the in{,'rval, per-

cent ......... 6

_Iaxiuulin chtuige of 1) ]ff within lhe interval,

I)ereeld ...............

1. Nicohti(h,s, .lohn 1).: ()n the Free lqighl Motion of

Missiles llavinfa Slight Configura{ional Asymmelri[,s.

Rep. No. 858, Ballistic l{(,s. Labs., Aberd(,(,n Provin_

(h'ound, ,June 1953.

2. ,larmolow, t((qinelh: I)ynamics of a Si)ilming t{oekel

\Vilh Varyiug [nl,rlia and Applied Monu.nl. .lout.

ApI)I. Phys,, vol. 28, no. 3, Mar. 1957, pp. 3118 313.

3. thi_lia, ,hlnws J., Young, (b,orge 1{., Timm(ms, Jesse I).,

and I_rinkwor(h, Ih,h,n S.: Awllyiic:ll Nh,lh(>d of

Appro×inlating lh,' Molioll of :l St)innin _ \','lli('l(,

Wflh Variable M'iss :m(l In(,rti'_ I)r()perlies Acl('d

4. 6

REFERENCES

l'llon I)y Several

TI{ 1{ Ill), 1961.

PROBLEM 2

l'robh,nl h'ng{h, see - ........... 20

Pitch and yaw ineriia, slug-fl'-' ............. 25

]{oll int,rt.ia, slug-ft a .............. 31.25--0. 69731

Roll liloillellt inplll, ft-lb.............. 0

1
]'ilch iliOlil!!li/, input, fl-lb ............

'2

YIC_V lllOilieli{, input, ft-lb ....... 0

Iliitial roll angle rllllitllis ........ 0

lni{ial 1)iich angh,, r:tdians ....... 0

Initial yaw angh' radians ........... 0

Initi-tl roll rate, ra(timls..."si,e ....... 5

inili-tl pitch rtdr, r,t(tialls/sec .......... 0

Initial yaw /'lib', l':tdians/set_ .............. 0

hlilia[ |tiglll-i)al h aligl(', vert ietd pi:.tlil. _ _ _ 0

hilt.i'd flil_ht-p:tih ailKh', |i(irizon{al l)t:.uil, _ _ 0

()ne-in{ervltl solution:

Maxiinuin eh:uigi, of p witlfin {lie ilil(,l'v,tl,

pei'('(_nl ................ 0

3,[,i.xiilluni ehiing, e (if p 1it. within the inlcr'¢_il,

#

l)t!FCIqlt .................. :{()

Two-in{erval sohl( ion :

Intervals .............. ()Sg_'l ° 12_t_20

Maxiimini change of p within the interval,

l)crcenl ....................... 0

Maxinluni ch:uuae of p 7 within {Iw in{,,rval,

p(,rc(,ni ..... 20

"Fhr(!r-ini erval solution:

Intervals __ _ ()_{t_0.7, 11.7"_t_13.3 13.3_(_20
MaXilliUln ('halig(! of p wilhhi lhe iliti'rvit]

])t!rel,lil ......... 0

Maxinlun, eh'ul_(' (if p iv wilhhi the interval,

Ámr('ent ....... 14

l)islurl)inK ])aranlt't(q's. NASA

4. Perkins, (?ourtl.lnd I)., arid /|age, /{ob(.ri l'].: Airplane

Perforll)..lll('i, Sl'd)i]ily alia (_(llllrol. ,lolin Wil0y &

_(}llS, In(:.> e. 19-19, l)-:{RO.

5. l)'tvis, l,everett, Jr., Follin, .]alnt,s _IV., ,Jr., ,ilil] Blilz[,r,

t,eon: Exll,rior Ballislit's of l{oc'kels. 1). Viul

Nostr:ind Co., ]he., c. 195g, pp. 33 36.

6. AI)zuK, Malcolnt.l.: Applications of M:ilrix l)lwr:llors

1o lhe I(ilienmlics of Airplane Molioli. Jour. A,'i'o.

Sci., voÁ. 23, no. 7, .hlly 1!156, lip. 67!1 6g.l.
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